Advances in imaging systems and modeling allow for depth information to be retrieved from projections via virtual sectioning of the imaged object. Here we introduce a regridding method that explicitly and directly incorporates this information into a general and non-iterative tomographic reconstruction algorithm. The method is applicable to any imaging scheme that provides depth-resolved projections. Additionally, we show, via numerical simulations, that with this method the required number of projections for adequate angular sampling can be reduced. One general limitation of an imaging system is the depth of field (DOF), which refers to the distance in the beam propagation direction z within which an imaged object remains in focus. The DOF leads to a limit on either the sample thickness or the overall imaging resolution. Various methods have been developed to extend the DOF, e.g., [1, 2] . On the other hand, the limited DOF can be exploited to directly obtain sectioning or 3D information about the specimen. Recent advances in imaging techniques allow for extracting some depth information from a projection through signal processing or physical modelling [1, [3] [4] [5] [6] [7] . For example, the multi-slice method is applied in coherent diffraction imaging to extend the DOF [8] [9] [10] . For a tomographic system with limited DOF, the depth information can in principle be extracted by the aforementioned methods and subsequently incorporated into the tomographic reconstruction to improve the resolution or reduce the angular sampling requirement. It has been shown that better depth resolution can be obtained by slightly rotating the sample at limited angles [11, 12] . The reverse has also been demonstrated, i.e., the angular sampling for tomography can be reduced given depth-resolved projections [13] [14] [15] [16] . However, so far little has been done for designing general reconstruction methods that incorporate such depth information directly and effectively. Tomographic reconstructions typically assemble projections with sufficient angular sampling to deliver a 3D tomogram with isotropic resolution through, for example, filtered back projection [17], algebraic reconstruction [18] , or regridding methods [19] . As a trivial solution, multiple sections at different depths can be simply combined to give conventional projections for tomography, however in this manner the depth resolution information is lost and the Crowther's criterion cannot be relaxed [15] . Some multi-slice tomographic reconstruction approaches [14, 16, 20] are intrinsically limited to ptychography. In optical microscopy, multi-slice tomography has been demonstrated from multiple-view data, either from focus series [21, 22] or by fluorescence with illumination sectioning [23] . 3D reconstructions are performed by image rotation followed by a step of image fusion, in which the multi-slice images are put together using somewhat ad hoc weighting functions. In this work, we demonstrate a regridding method based on [24] that directly utilizes the depth information into the tomographic reconstruction, allowing a concomitant reduction of the number of projections needed for appropriate angular sampling. Compared to earlier work [21] [22] [23] , it performs the reconstruction in a single step that includes both rotation and fusion, based on a well-defined interpolation kernel whose effect is removed at the last step through deconvolution. Our method offers a general, non-iterative, and numerically efficient solution to the tomographic reconstruction problem, applicable to any imaging scheme that provides depth-resolved projections. We term it the Gridrec multi-slice method (Gridrec-MS).
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Illustrations of conventional tomography with no depth information and multi-slice tomography are given in Figs. 1(a) and 1(b), respectively. For conventional tomography in a parallel beam geometry, the problem can be simplified to mutually independent reconstructions of 2D disks perpendicular to the rotation axis. Hence, from here on we focus on the reconstruction of these 2D disks from 1D projections. A 2D disk of an object is denoted as f r x , r y on the Cartesian grid and its Fourier transform as F u x , u y . For a given rotation of the object, θ, the object can be expressed as f r, z where z is the beam propagation direction, r r x cos θ r y sin θ and its Fourier transform F u, w. These real-space and Fourier-space coordinates are illustrated in Fig. 1 . In conventional tomography, a projection measured at θ is expressed as p θ r R ∞ −∞ f r, zdz. Using the Fourier-slice theorem [25] , projections at multiple angles can yield a reconstruction, as illustrated in Fig. 1(a) by
where P θ u is the Fourier transform of p θ r and Ru is the ramp filter juj. For an imaging system of transverse resolution or pixel size of δr and an object thickness of T , the required number of projections to achieve 3D isotropic resolution δr is given by
where Δθ is the angular spacing and the coefficient α is π∕2 based on the Crowther's criterion [25, 26] .
With specific experimental techniques, image processing, or physical modelling, the depth information can in some cases be extracted from a projection of the object to give virtual slices or virtual sections of the object, here referred to as a depthresolved projection, shown in Fig. 1(b1) . Multi-slice methods exist in the optical [8, 14, [21] [22] [23] and X-ray regimes [9, 10 ] that obtain such depth sectioning. Such a projection has a dimension of M by T, where M is the number of sections and T the object diameter, and is expressed aŝ
where (z m 0 , z m 0 0 ) is the range for section m in the z direction. The 2D Fourier transform ofp θ r, m is calculated by the fast Fourier transform algorithm [28] and denoted asP θ u, w, which is defined on the rotated Cartesian coordinates u, w or, in the case where M 1, the polar coordinates. The advantage of incorporating depth information in the tomographic reconstruction is illustrated in Fig. 1 . The multi-slice projections are thickened by M in Fourier space [15] , as illustrated in Fig. 1(b2) , compared to a conventional projection in Fig. 1(a2) . Therefore more of the Fourier space is covered for a given angular sampling Δθ, as shown in Figs. 1(a3) and 1(b3). This also means that with the multi-slice method, the number of projections required to cover the Fourier space is in principle reduced to [15] 
where N θ is defined in Eq. (2) andN θ is the number of projections needed if using the multi-slice method with M sections. Equivalently this can be thought as Δθ M Δθ, which indicates that the Crowther criterion is reduced by a factor equal to the number of sections [15] .
Here we introduce a modified regridding method, Gridrec-MS, that allows for direct tomographic reconstruction using the multi-slice depth information. An overview of the method is given in Fig. 2 . A regridding technique [24] 
where denotes the convolution operation,Ru x , u y is a 2D filter which serves a similar normalization purpose as the ramp filter for conventional tomography, and cr x , r y , the inverse Fourier transform of Cu, w, effectively compensates the effect of the kernel. Equation (5) can also be written as
where the Fourier map
is the result of interpolating multi-slice projections,P θ u, w, onto the Cartesian grid u x , u y through Cu, w. The choice of the interpolation kernel is crucial as functions with a compact support both in real and Fourier space provide higher accuracy [29] and high computational efficiency. Here we use a separable form of the kernel, which gives Cu, w CuCw, where Cu is formed by prolate spheroidal wave functions (PSWFs) of zeroth order [30] . For efficient computation and storage, expansions of PSWFs [31] in terms of Legendre polynomials are used here [24] , giving
where β k is the coefficient for the k-th degree Legendre polynomial P k and k covers the expansion to a sufficient degree. Figure 2 (a) illustrates the mapping of one pixel ofP θ u, w onto Cartesian coordinate u x , u y . The non-zero components A depth-resolved projection has a dimension of M by T and, with the multi-slice method, its 2D Fourier transform [27] is thickened by M compared to that of the conventional projection. As a result, more of the Fourier space is filled with the data for the same Δθ.
of this interpolation map are added as ones to a mask that will later be used for normalization. For every point ofP θ u, w such interpolation is performed. The process is repeated for all angles, resulting in a Fourier space that is covered by all multislice projections as well as a mask for normalization. The Fourier map Qu x , u y is then divided by the mask, expressed as a multiplication byRu x , u y in Eq. (6), to normalize the contribution from each projection. Subsequently, a 2D inverse
Fourier transform is performed and a correction matrix in real space, cr x , r y , is applied to remove the effect of the interpolation kernel. The intensity of the correction function is shown in Fig. 2(b) . For simplicity, these equations are given in continuous space while a discretized version was implemented.
The effectiveness of Gridrec-MS is demonstrated in Fig. 3 for different angular samplings. In order to have a numerical phantom with a representative distribution of spatial frequencies, a mouse histology image [32] was used as the object, as shown in Fig. 3(a) . To achieve single-pixel resolution, the angular sampling for an object size of 256 × 256 pixels is Δθ 0.45°according to Eq. (2). Conventional projection tomography with Δθ 10°was simulated and reconstructed with a ramp filter using Gridrec, as shown in Fig. 3(b) . With the same angular sampling, Gridrec-MS was used for tomographic reconstruction of projections with M 27 sections. Each depth-resolved projection was generated following Eq. (3). The filterRu x , u y here equals the division by a normalization mask. The mask is defined by the non-zero components from each projection, as described previously, and schematically shown in Fig. 2 . Using Gridrec-MS in this case provides a complete coverage of the Fourier space and a significantly improved image quality, as shown in Fig. 3(c) . The obvious improvement from Figs. 3(b1) to 3(c1) demonstrates the relaxation of the Crowther criterion [15] and it validates Gridrec-MS. The insufficient angular sampling results in irreparable loss of information in Fourier domain, illustrated by the angular gaps in Fig. 3(b2) , also reflecting the fine features missing in Fig. 3(b1). For comparison, Fig. 3(d) shows the conventional projection tomography with an angular spacing of Δθ 10°∕27 ≈ 0.4°, which shows comparable quality with Figs. 3(a) and 3(c) . The reconstruction quality is given in Fig. 4 , evaluated quantitatively based on Fourier shell correlation (FSC) [33] curves calculated between the reconstruction and the original object. In Fig. 4(a) , both results from Figs. 3(c) and 3(d) give single-pixel resolution using the 1-bit threshold criterion. The reconstruction quality for the multi-slice method Figures 3(e) and 3(f ) show the conventional reconstruction with an angular sampling of Δθ 30°and the multi-slice reconstruction with the same angular sampling but with M 33. Neither cases have adequate angular sampling, but it is clear that multi-slice tomography reconstruction leverages the depth information to fill more of the Fourier space and give recognizable features, shown by the dramatic difference between Figs. 3(e) and 3(f ). As comparison, a conventional tomogram using data with Δθ 30°∕33 0.9°is given in Fig. 3(g) . The imperfection in Fig. 3(f1) as well as the overall lower correlation of the FSC curve in purple compared to the yellow one in Fig. 4(b) corresponds to the missing data shown in the Fourier space in Fig. 3(f2) .
We have demonstrated Gridrec-MS for direct multi-slice tomographic reconstruction, i.e., using depth-resolved projections. Reconstructions using projections with M sections are comparable to those with conventional single-slice fine sampling, demonstrating that the Crowther criterion [15] can be relaxed by a factor of M compared to the regular sampling requirements. In other words, the number of sections, M , influences the angular sampling. We have also shown that even with sparse angular sampling, the reconstruction can still benefit significantly from the depth information. In practice the multislice sectioning, provided by the imaging method upstream to Gridrec-MS, may not be perfect. If such imperfections are not considered, they can affect the quality of the reconstruction. For example, some methods show a dependence of the sectioning efficacy with respect to the lateral spatial frequency, in which low-spatial-frequency features leak to neighboring object sections, leading to a transfer function with a support in the shape of a bowtie [4, 10] . The method presented here can be adapted for this situation by a modification ofRu x , u y , i.e., changing the Fourier mask. In general, it can be advantageous to combine techniques that model the imaging system to extend the DOF or obtain sectioning with tomographic methods. For imaging systems for which the depth information can be recovered, we expect that Gridrec-MS can provide a robust and general reconstruction framework that is readily applicable for any contrast mechanism, including phase and absorption contrast, as well as any probing wave, including electrons, X-rays, and optical photons. The Gridrec-MS code can be made available upon reasonable request. Fig. 3 . The 1-bit threshold is shown in red. In both cases, multi-slice reconstructions (purple) show great improvement over the conventional method (blue) and slightly worse results compared to single-slice with fine angular sampling (yellow).
